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Strain Energy in Torsion

Problem 3.9-1 A solid circular bar of steel (G = 11.4 X 10° psi)
with length L = 30 in. and diameter d = 1.75 in. is subjected to T id T
pure torsion by torques T acting at the ends (see figure). }—>>

(a) Calculate the amount of strain energy U stored in the bar

when the maximum shear stress is 4500 psi. ! L !
(b) From the strain energy, calculate the angle of twist ¢
(in degrees).
Solution 3.9-1 Steel bar
(a) STRAIN ENERGY
T i d T
«—( }—»» U T’L <7Td37max>2<L> <£>
| 1 | 2GI, 16 /\2G/\md*
\ L \
_md L7 (Eq.2)
T a4
G =114 X 10° psi Substitute numerical values:
L =30in. U=320in-lb «—
d=1.75in.
(b) ANGLE OF TWIST
Toax = 4500 psi
T 2U
16T T_77'd37'max Eq. 1 U:7 d):?
T 4
" Substitute for 7 and U from Egs. (1) and (2):
T
Ip=—"> 2Lt
32 — max E 3
Gd (Eq. 3)

Substitute numerical values:

¢ =0.013534 rad =0.775° <—

Problem 3.9-2 A solid circular bar of copper (G = 45 GPa) with length
L = 0.75 m and diameter d = 40 mm is subjected to pure torsion by
torques T acting at the ends (see figure).

(a) Calculate the amount of strain energy U stored in the bar when the
maximum shear stress is 32 MPa.
(b) From the strain energy, calculate the angle of twist ¢ (in degrees)
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Solution 3.9-2 Copper bar

d
T i T (A) STRAIN ENERGY
u | e Lol L2
\ L \ 2GIp 16 2G /) \mwd*
G =45GPa _ md’Lry, (Eq.2)
_ 16G ’
L=075m
d = 40 mm Substitute numerical values:
T =32MPa U=536) «—
B ﬂ - mdr Eo ) (b) ANGLE OF TWIST
T & y=1 4 W
2 T
4
I, = % Substitute for 7 and U from Egs. (1) and (2):
_2L7 Eq.3)
="y (Eq.
Substitute numerical values:
¢ = 0.026667 rad = 1.53° <—
d
Problem 3.9-3 A stepped shaft of solid circular cross sections l g ldl
(see figure) has length L = 45 in., diameter d, = 1.2 in., and T ( [ A T
diameter d, = 1.0 in. The material is brass with G = 5.6 X 10° psi. T /
Determine the strain energy U of the shaft if the angle of twist ‘ T ‘
is 3.0°. L L
\ 2 \ 2 |
Solution 3.9-3 Stepped shaft
ldz idl STRAIN ENERGY
T A T 2 2 2
) T°L 16 TA(L2) 16TAL/2)
U= E = 4 + 4
‘ i ! 2GI,  wGdj 7Gd;
1 PR (L, 1) (Eq. 1)
7G \d}  d} o
= 1 T
d, = 10in. Also, U = 7¢ (Eq. 2)
d,=12in.
L =45in. Equate U from Egs. (1) and (2) and solve for 7:
4 34
G = 5.6 X 10° psi (brass) = _mGdidy b
16L(d} + d3)
¢ = 3.0° = 0.0523599 rad s s
U T¢ 7wGo™( did, > & di
=—= = radian
2 nL\d+d acians

SUBSTITUTE NUMERICAL VALUES:

U=226in.-Ib «<—
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Problem 3.9-4 A stepped shaft of solid circular cross sections (see figure)
has length L = 0.80 m, diameter d, = 40 mm, and diameter d;, = 30 mm.

The material is steel with G = 80 GPa.
Determine the strain energy U of the shaft if the angle of twist is 1.0°.

Equate U from Egs. (1) and (2) and solve for 7:

[ |
r ( [ ) I wGdidie
T i 16L(d* + d2)
‘ L ‘ L T¢ wGP* di d§‘> .
= = U=—= = rad
2 2 2 T s \giiap) @7 redians

d,=30mm  d,=40mm SUBSTITUTE NUMERICAL VALUES:

L=0.80m G = 80 GPa (steel)
¢ =1.0°=0.0174533 rad

U=184] «——

STRAIN ENERGY
T°L B 16T*(L/2) N 16T*(L/2)

U= =
2 2GI, 7Gdy wGd}
8Ll ®a
7G \d} " d} 4
T$
Also, U = N (Eq. 2)

Problem 3.9-5 A cantilever bar of circular cross section and length L is
fixed at one end and free at the other (see figure). The bar is loaded by a
torque 7 at the free end and by a distributed torque of constant intensity
¢ per unit distance along the length of the bar.

(a) What is the strain energy U, of the bar when the load T acts alone?

(b) What is the strain energy U, when the load ¢ acts alone?
(c) What is the strain energy U, when both loads act simultaneously?

Solution 3.9-5 Cantilever bar with distributed torque

G = shear modulus
I,, = polar moment of inertia
T = torque acting at free end

t = torque per unit distance




(a) LoaD T AcTs ALONE (EQ. 3-51a)

U, = TL
2GIp
(b) LOAD t ACTS ALONE
From Eq. (3-56) of Example 3-11:
L}
~ 6Gl,

U,

SECTION 3.9 Strain Energy in Torsion

(c) BOTH LOADS ACT SIMULTANEOUSLY

At distance x from the free end:

Tx)=T+ tx
L P L
T 1
Us = J [T(0] dx = J (T + tx)%dx
, 2GIp 2GIp J,

L T L
= + +
2GI, 2GI, 6GI,

NoTtE: U, is not the sum of U, and U,.
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Problem 3.9-6 Obtain a formula for the strain energy U of the statically
indeterminate circular bar shown in the figure. The bar has fixed supports A B

2T, To

at ends A and B and is loaded by torques 27|, and 7|, at points C and D, . .
respectively. C D
Hint: Use Eqgs. 3-46a and b of Example 3-9, Section 3.8, to obtain the ‘ . . \_ . ‘
reactive torques. — 5 T
Solution 3.9-6 Statically indeterminate bar
27, Ty
Ty A B Ty
C D
| L
7 7

REACTIVE TORQUES
From Eq. (3-46a):

o) 7)) _m,

T, = + =20
4 L L 4

5T,
TB = 3T0 - TA =
4
INTERNAL TORQUES

T, T, ST,
we= = To=7y Ts=—,

STRAIN ENERGY (from EQ. 3-53)
L TIL;
312G Ip;

o] () e+ il )]
st (22915 (215 (5214 ]

U:
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Problem 3.9-7 A statically indeterminate stepped shaft ACB is fixed at
ends A and B and loaded by a torque 7|, at point C (see figure). The two
segments of the bar are made of the same material, have lengths L, and L,
and have polar moments of inertia /,, and I,,.

Determine the angle of rotation ¢ of the cross section at C by using
strain energy.

Hint: Use Eq. 3-51b to determine the strain energy U in terms of the
angle ¢. Then equate the strain energy to the work done by the torque 7.
Compare your result with Eq. 3-48 of Example 3-9, Section 3.8.

WORK DONE BY THE TORQUE 7,

Tvp
wW=—
2

EQUATE U AND W AND SOLVE FOR ¢

G¢2<Im+fps>:%¢

STRAIN ENERGY (FROM EqQ. 3-51B)

n 2 2 2
P T -
=l i A 5 G(Lglpy + Lalpp)
2
= Go <ILA + ILB) (This result agrees with Eq. (3-48) of Example 3-9,

Section 3.8.)

Problem 3.9-8 Derive a formula for the strain energy U of the cantilever
bar shown in the figure.
The bar has circular cross sections and length L. It is subjected
to a distributed torque of intensity ¢ per unit distance. The intensity
varies linearly from ¢ = 0 at the free end to a maximum value ¢ = 7,
at the support.

Io

S —— \\\\
> - W N
S \\\
\\\ \\
-
L
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Solution 3.9-8 Cantilever bar with distributed torque

l()‘\
g I - N t(x) = to( L) x = distance from right-hand end of the bar
1\ \\\
\ o N
o \Q
ELEMENT dg STRAIN ENERGY OF ELEMENT dx
[T(x)]%d. 1 /1
Consider a differential element d¢ at distance ¢ from dU = [T 1dx < 0 ) x*dx
the right-hand end. 2Gly 2G[P 2L
1
= 20 x*dx
8L°GIp
STRAIN ENERGY OF ENTIRE BAR
d L ) L
ﬂf"; UZJdUZ 20 jx“dx
b 8L°GIp J,
dT = external torque acting on this element B 1 ( L5>
dT = 1(&)dé 8L’GIp \ 5
13’
—h <é> @ Y= q061, T
L P

ELEMENT dx AT DISTANCE X

<—

ot

T(x) = internal torque acting on this element

T(x) = total torque fromx = 0tox = x

T(x) = LxdT = tho (%) dé

_ o

2L
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Problem 3.9-9 A thin-walled hollow tube AB of conical shape has
constant thickness ¢ and average diameters d, and d, at the ends T
(see figure).

(a) Determine the strain energy U of the tube when it is subjected
to pure torsion by torques 7.

(b) Determine the angle of twist ¢ of the tube. P
Note: Use the approximate formula I, = 7d 3t/4 for a thin circular ;
ring; see Case 22 of Appendix D. @
dA <—d3~>
Therefore,
L
dx
dgy—d 3
()
o L
L
t = thickness 1
d, = average diameter at end A 2(dy — dy) [a’ N (dB — dA>xT
A
d, = average diameter at end B L L 0
L L
d(x) = average diameter at distance x from end A = — >+ 3
Z(dB - dA)(dB) 2(dB - dA)(dA)
dg—d
dw = dy+ (2% _ Ly + dy)
2d3 dj
POLAR MOMENT OF INERTIA Substitute this expression for the integral into the
ad>t equation for U (Eq. 1):
P = —
4 2T L(dy+dy)  TL <dA + d3>
L) = wld(x)]’t _mt d+ (dB — dA> 3 Gt 2d3d3 7Gt\ di d}
PO Ty L )t
(b) ANGLE OF TWIST
(a) STRAIN ENERGY (FROM EQ. 3-54) T$
L Work of the torque 7: W = ——
U— J T%dx 2
) 2GIp(x) We U T _ T’L(d, + dy)
2 wGt didj
2 L
_ 2T dx - (Eg. 1) Solve for ¢:
Gt dg—dy\. |
dy + (T _ 2TL(d, + dp)
0 7Gt d3d;
From Appendix C:

J dx 1
(a + bx)? 2b(a + bx)?




SECTION 3.9 Strain Energy in Torsion 243

**Problem 3.9-10 A hollow circular tube A fits over the end of

1
a solid circular bar B, as shown in the figure. The far ends of both £ = [V Trp
bars are fixed. Initially, a hole through bar B makes an angle 8 with Tube A 13 Bar B
a line through two holes in tube A. Then bar B is twisted until the = —
holes are aligned, and a pin is placed through the holes.
When bar B is released and the system returns to equilibrium, } L } L J‘
what is the total strain energy U of the two bars? (Let 1, and I, rep-
resent the polar moments of inertia of bars A and B, respectively. The /\B }<\
length L and shear modulus of elasticity G are the same for both Tube A
bars.)
Bar B

B
/IPA p Ipg A ‘
e Tube A
Tube A ¥ Bar B
ﬁ ] Bar B
]
TUBE A COMPATIBILITY
b, T b, =B
FORCE-DISPLACEMENT RELATIONS
by = TL 4, = TL
Y Gl 7 Gl

Substitute into the equation of compatibility and

solve for T:
T = torque acting on the tube
. T BG ( Ipalpp >
¢, = angle of twist L \Ip, + Iy
Bar B STRAIN ENERGY
L TL T°L
T (e U= 36" 3a,
2Glp  2Glp,  2Glp
T°L ( 11 >
=—(—+—
2G \Ipy  Ipp
@ Substitute for 7" and simplify:
_ .BZG< Ipy Ipp )
2L \Ip, + Ing

T = torque acting on the bar

¢, = angle of twist
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**Problem 3.9-11 A heavy flywheel rotating at n revolutions per
minute is rigidly attached to the end of a shaft of diameter d (see figure).
If the bearing at A suddenly freezes, what will be the maximum angle of
twist ¢ of the shaft? What is the corresponding maximum shear stress in
the shaft?

(Let L = length of the shaft, G = shear modulus of elasticity, and
I, = mass moment of inertia of the flywheel about the axis of the shaft.
Also, disregard friction in the bearings at B and C and disregard the mass
of the shaft.)

Hint: Equate the kinetic energy of the rotating flywheel to the strain
energy of the shaft.

Solution 3.9-11 Reotating flywheel

Shaft d = diameter of shaft

Flywheel\' _ nGd'
64L
Z UNITS:
G = (force)/(length)?
I, = (length)*
¢ = radians

d = diameter

_ L = length
n = rpm

U = (length)(force)
KINETIC ENERGY OF FLYWHEEL
EQUATE KINETIC ENERGY AND STRAIN ENERGY

_1 2
KE. = 5 l,w P, wGd'e?
KE.=U =
1800 64L
_ 2mn
“~ 760 Solve for ¢:
2 \/
1 27\ 154 G
KE. =—1, <—>
2 60 MAXIMUM SHEAR STRESS
2.2
_ T, T(d/2) 5 TL
r= — =
1800 Ip Glp
UnITs: Eliminate T
I = (force)(length)(second)? Gdd
o = radians per second T 2L
K.E. = (length)(force) S Gd  2n \/m
2L 1547 G
STRAIN ENERGY OF SHAFT (FROM EQ. 3-51b) n 217Gl
Gl Tmax =15y \ L
U=—"—
2L
I=—gt

Y
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Thin-Walled Tubes

Problem 3.10-1 A hollow circular tube having an inside diameter of 10.0 in.

and a wall thickness of 1.0 in. (see figure) is subjected to a torque 7' = 1200 k-in.
Determine the maximum shear stress in the tube using (a) the approximate

theory of thin-walled tubes, and (b) the exact torsion theory. Does the approximate

theory give conservative or nonconservative results?

Solution 3.10-1 Hollow circular tube

APPROXIMATE THEORY (EQ. 3-63)

T 1200 k-in. )
T = 2= 2 —— = 6314 psi
27rt  2w(5.51n.)7(1.0 in.)
Tapprox — 0310 psi <——
1.0 in.
7 EXACT THEORY (EQ. 3-11)
T7(d,/2) Td,
L
P o 4 _ 44
T = 1200 k-in. 2 <32> @
t=1.01n. _16(1200 k-in.)(12.0 in.)
r = radius to median line 7[(12.0 in.)* = (10.0 in.)*]
r=5.5in. = 6831 psi
d, = outside diameter = 12.0 in. Texact — 0830 psi <—
d. = inside diameter = 10.0 in. Because the approximate theory gives stresses that

1 E .
are too low, it is nonconservative. Therefore, the

approximate theory should only be used for very thin
tubes.

Problem 3.10-2 A solid circular bar having diameter d is to be replaced
by a rectangular tube having cross-sectional dimensions d X 2d to the i
median line of the cross section (see figure). d d
Determine the required thickness 7. of the tube so that the maxi-
mum shear stress in the tube will not exceed the maximum shear stress in
the solid bar. 2d

Solution 3.10-2 Bar and tube

T

SOLID BAR A, = (d)2d) = 2d* (Eq. 3-64)

i 16T T T
— Eq. 3-12 -
Ea- 312 7o 2A,  4d>

d Tmax — 7Td3 (Eq 3-61)

EQUATE THE MAXIMUM SHEAR STRESSES AND SOLVE FOR ¢

RECTANGULAR TUBE ¢ ﬂ = T
| d® d’
Td
d Loin =
64

If t > ¢ ., the shear stress in the tube is less than the
2d shear stress in the bar.
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Problem 3.10-3 A thin-walled aluminum tube of rectangular
cross section (see figure) has a centerline dimensions b = 6.0 in.
and 4 = 4.0 in. The wall thickness ¢ is constant and equal to

0.25 in. I=
h
(a) Determine the shear stress in the tube due to a torque
T = 15 k-in.
(b) Determine the angle of twist (in degrees) if the length L of
the tube is 50 in. and the shear modulus G is 4.0 X 106 psi. b
Solution 3.10-3 Thin-walled tube
Eq. 3-64): A, = bh =24.0in.?
= Eq. (3-71) with t,=t,=1. J 27t
. (3- wi ==t =
h . b b+h
J =288 in*
b (a) SHEAR STRESS (EQ. 3-61)
T .
b = 6.01in. T= A = 1250 psi «—
h = 4.0in.
(b) ANGLE OF TWIST (EQ. 3-72)
t =0.251n.
15 k-i o) Iz 0.0065104 rad
— : =—=0. ra
T 5 k-in. GJ
L =50 in. =0.373°
G = 4.0 X 10° psi
Problem 3.10-4 A thin-walled steel tube of rectangular cross section
(see figure) has centerline dimensions » =150 mm and 2 = 100 mm.
The wall thickness ¢ is constant and equal to 6.0 mm.
(a) Determine the shear stress in the tube due to a torque 7 = 1650 N - m.
(b) Determine the angle of twist (in degrees) if the length L of the tube is
1.2 m and the shear modulus G is 75 GPa.
Solution 3.10-4 Thin-walled tube
( b = 150 mm (a) SHEAR STRESS (EQ. 3-61)
h = 100 mm T
1 — T=—""=9.17 MPa <—
h t=6.0mm 2A,,
T=1650N-m (b) ANGLE OF TWIST (EQ. 3-72)
L=12m TL
b ¢ = — =0.002444 rad
G =75 GPa GJ
Eq. (3-64): A, = bh = 0.015 m? =0.140°  «—
2b°h’t

Eq. (3-71) with t,=t,=1 J=

b+h
J=10.8 X 1075 m*
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Problem 3.10-5 A thin-walled circular tube and a solid circular bar of Tube (1)
the same material (see figure) are subjected to torsion. The tube and bar Bar (2)
have the same cross-sectional area and the same length.
What is the ratio of the strain energy U, in the tube to the strain energy
U, in the solid bar if the maximum shear stresses are the same in both cases?
(For the tube, use the approximate theory for thin-walled bars.)

Solution 3.10-5 Thin-walled tube (1)

t SOLID BAR (2)
A, = mr? J=2mrt A=2mrt

) T 4
T T A= Wr% I, = E s
Tmax = 214, 2mrt 3
I, 2r _ TTmax
T=2mrr,_ Tmax = TP = ?,,3 r= B
U = T2L — (27Tr2t7max)2L TZL (7Tl’:2; Tmax)zL W’%Tﬁme
' 261 262w v>= 2GI, 7,\ 4G
8G (*r‘é)
B artrs, L 2
G AT’ L
But’]Tl’%:A Uzzi
A 4G
But rt = pym
772 RaATIO
ATmaxL
U =—— U
2G i}
U,

Problem 3.10-6 Calculate the shear stress 7 and the angle of twist ¢ (in
degrees) for a steel tube (G = 76 GPa) having the cross section shown
in the figure. The tube has length L = 1.5 m and is subjected to a torque
T=10KkN - m.

Solution 3.10-6 Steel tube

ll=8mm

SHEAR STRESS

r=50 mm

G = 76 GPa S 10kNV-m
2tA,,  2(8 mm)(17,850 mm?)
L=15m
= 35.0 MPa <—
T=10kN -m
b =100 mm A = 2 +2br ANGLE OF TWIST
= 77(50 mm)?+2(100 mm)(50 mm) b= TL (I0kN-m) (1.5 m)
= 17,850 mm? GJ (76 GPa)(19.83 X 10°mm®*)
L, =2b+2mr = 0.00995 rad
= 2(100 mm)+27(50 mm) =0.570° «——
= 514.2 mm
. 41A;,  4(8 mm)(17,850 mm?)’
L, 514.2 mm

=19.83 X 10°mm*
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Problem 3.10-7 A thin-walled steel tube having an elliptical cross
section with constant thickness ¢ (see figure) is subjected to a torque
T = 18 k-in.

Determine the shear stress 7 and the rate of twist 6 (in degrees
perinch) if G = 12 X 106 psi, t = 0.2 in.,, @ = 3 in., and b = 2 in.
(Note: See Appendix D, Case 16, for the properties of an ellipse.)

FrROM APPENDIX D, CASE 16:
A, = mab = m(3.0in.)(2.0 in.) = 18.850 in.?
L, ~ m[1.5(a+b)— Vab]

= 7[1.5(5.0in.) — V6.0 in.2] = 15.867 in.

. 41A;,  4(0.2in.)(18.850 in.%)?
L, 15.867 in.
T = 18 k-in. =17.92 in.*

G =12 X 10° psi

SHEAR STRESS
t = constant

T 18 k —in.
t=02in a=3.0in. b=2.0in. 2tA,,  2(0.21in.)(18.850 in.?)
= 2390 psi «<—

ANGLE OF TWIST PER UNIT LENGTH (RATE OF TWIST)

¢ T 18 k-in.
L GJ (12 % 10°psi)(17.92 in.*)

0

6 = 83.73 X 10 ®rad/in. = 0.0048%in. «—

Problem 3.10-8 A torque T is applied to a thin-walled tube having
a cross section in the shape of a regular hexagon with constant wall
thickness 7 and side length b (see figure).

Obtain formulas for the shear stress 7 and the rate of twist 6.
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Solution 3.10-8 Regular hexagon

SHEAR STRESS

T TV3
21A,  9b*

T =

ANGLE OF TWIST PER UNIT LENGTH (RATE OF TWIST)

. 4A7 4AL,  9bt

Y J Lﬁ L, 2
o I
b = Length of side T 2T oT
t = Thickness T GJ GOb)  9Gbt
L, =6b (radians per unit length)

FroM APPENDIX D, CASE 25:

B=60° n=6
nb> B 6b
A = — —_——= — ©
"=y cot2 4 cot 30
3V3p?
2
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Problem 3.10-9 Compare the angle of twist ¢, for a thin-walled circular tube
(see figure) calculated from the approximate theory for thin-walled bars with the
angle of twist ¢, calculated from the exact theory of torsion for circular bars.

(a) Express the ratio ¢,/¢, in terms of the nondimensional ratio 8 = r/t.
(b) Calculate the ratio of angles of twist for 8 = 5, 10, and 20. What conclusion
about the accuracy of the approximate theory do you draw from these results?

5 1.0100
EXACT THEORY 10 1.0025
TL rt 20 1.0006
2= Gilp From Eq. (3-17): 1, = 2 (4 + 1) As the tube becomes thinner and 3 becomes larger,
the ratio ¢ /¢, approaches unity. Thus, the thinner
b, L 211 the tube, the more accurate the approximate theory

- Gl, N 7Gri(4r* + %) becomes.
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*Problem 3.10-10 A thin-walled rectangular tube has uniform thickness ¢ It
and dimensions a X b to the median line of the cross section (see figure). e
How does the shear stress in the tube vary with the ratio 8 = a/b if f
the total length L of the median line of the cross section and the torque T
remain constant? b
From your results, show that the shear stress is smallest when the
tube is square (8 = 1).
a
Solution 3.10-10 Rectangular tube
p lt T, t, and L, are constants.
f 2T 1+B)°
Letk = — = constant 7 = kﬂ
) L2 B
(0.~
“ _sr
min tL’zn
t = thickness (constant) g= a
a, b = Dimensions of the tube b
a
== 8 -
k b
6 —
L, = 2(a + b) = constant . M
T = constant = :
: | |
SHEAR STRESS 0 1 2 3
T
T A, = ab = b’ From the graph, we see that 7 is minimum when
" B = 1 and the tube is square.
L,, = 2b(1 + B) = constant
L |: L :|2 ALTERNATE SOLUTION
h=—" A, =pl —2—
201+ B) Plaa+p _a[a+py
BL2 i, B
4(1+ By d'r:ZT[B(Z)(HB)—(HB)Z(I)J:O
T T +)?  2T(1 +B)° d L, B
2tA,, 21BL tL2B or2B8 (1+B)—(1+B)?*=0 ..B=1

Thus, the tube is square and 7 is either a minimum or
a maximum. From the graph, we see that 7is a
minimum.




*Problem 3.10-11 A tubular aluminum bar (G = 4 X 106 psi) of square

4 N\
cross section (see figure) with outer dimensions 2 in. X 2 in. must resist a ,
torque 7 = 3000 Ib-in. —
Calculate the minimum required wall thickness 7_. if the allowable 2in.
shear stress is 4500 psi and the allowable rate of twist is 0.01 rad/ft.
. J
2 in

SECTION 3.10 Thin-Walled Tubes

Solution 3.10-11 Square aluminum tube

4 R

Outer dimensions:

2.0 in. X 2.0 in.

G =4 X 10 psi
T = 3000 lb-in.
Toow — 4500 psi

0.01
010w = 0.01 rad/ft = 1 rad/in.

Let b = outer dimension
=2.01in.
Centerline dimension = b — ¢
A =b-n> L =4b-1
_4A,, 4 b -1t
L, 4(b—1)

=1(b—1)?

THICKNESS ¢ BASED UPON SHEAR STRESS

T

T T
r=— tA,=— tb—1)>=—
21A,, 27

27
UNiTs: t =in. b =1in. T =1Ib-in. 7= psi

. ,  30001b-in. 1.
t(20in. —)*'=—————=—1in
2(4500 psi) 3

3t2-12—-1=0
Solve for #: t = 0.0915 in.

3

THICKNESS t BASED UPON RATE OF TWIST

T , T
0=—F=—""—"= tb—1)y=—
GJ] Gtb—1) Go
UNITS: t =in. G = psi 6 = rad/in.
3000 1b-i
(2.0 in. — 1)° = 2
(4 X 10°psi)(0.01/12 rad/in.)
_2
10

1002 —1°—9=0
Solve for t:

t = 0.140 in.

ANGLE OF TWIST GOVERNS

=0.140 in. <—

tmin

251
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*Problem 3.10-12 A thin tubular shaft of circular cross section
(see figure) with inside diameter 100 mm is subjected to a torque of
5000 N - m.

If the allowable shear stress is 42 MPa, determine the required
wall thickness 7 by using (a) the approximate theory for a thin-walled
tube, and (b) the exact torsion theory for a circular bar.

~

Solution 3.10-12 Thin tube

(b) EXACT THEORY

aw
T="2 L=C(d—r)
"2

= g[(so + 1% — (50)*]

~ (5,000 N - m)(50 + 1)

42 MPa = -
T=5000N-m d, = inner diameter = 100 mm S 150+ n* = (50)*]
Tallow — 42 MPa (50 + n* = (50)* (5000 N- m)(2)
t is in millimeters. 50 + ¢ (7)(42 MPa)
r = Average radius 5x10°
= mm
t 21ar
=50 mm + —
2 Solve for t:
r, = Inner radius
t=7.02 mm «<—
= 50 mm The approximate result is 5% less than the
r, = Outer radius A, = 7/ exact result. Thus, the approximate theory is
nonconservative and should only be used for

=50mm + ¢ thin-walled tubes.

(a) APPROXIMATE THEORY

T T T

TTuA, T () 2w
5,000 N- m
42 MPa = — =5
27 (50 +— |t
W( 2)
or
tY  5000N-m  5X10°
t<50 + *) = = mm
2 27(42 MPa) 84
Solve for 1:

t=6.66 mm <—




*«Problem 3.10-13 A long, thin-walled tapered tube AB of circular cross
section (see figure) is subjected to a torque 7. The tube has length L and
constant wall thickness 7. The diameter to the median lines of the cross
sections at the ends A and B are d, and d,,, respectively.

Derive the following formula for the angle of twist of the tube: ‘

b= 21L (d, + dpy
Gt did%
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Hint: If the angle of taper is small, we may obtain approximate

results by applying the formulas for a thin-walled prismatic tube to a

differential element of the tapered tube and then integrating along the

axis of the tube.

Solution 3.10-13 Thin-walled tapered tube

A B

o |4
dAI d(z) s

«—xX—>| |<—dx—
|

‘ L

t = thickness
d, = average diameter at end A
d, = average diameter at end B

T = torque

d(x) = average diameter at distance x from end A.

d(x) =d, + (dB — dA>x
3
J:zmstz%
_ T s T dy —dy\ |’
I =" = 4[dA+( - H

For element of length dx:

Tdx 4Tdx
GJ(x) dy—d 3
G77't|:dA+< B A)x}

dep =

L

A B
: :
! L l
; )
—> dA le— <—d3—>
For entire tube:
4 ’ d
T x
¢ = ;
wGT dy—d,
d, + <7> by
0 L
From table of integrals (see Appendix C):
J' dx o 1
(a + bx)? 2b(a + bx)?
4T 1 g

(’b_ﬁ Z(dB_dAXdA+dB_dA'x>2
L L 0

et L . L
7Gt|  2(dy—d)d2  2(dy —dy)d?

_2TL <dA + dB>
wGt\ did}
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Stress Concentrations in Torsion

The problems for Section 3.11 are to be solved by considering the

stress-concentration factors. iDz /R b
1
Problem 3.11-1 A stepped shaft consisting of solid circular segments 7 T
having diameters D, = 2.0 in. and D, = 2.4 in. (see figure) is subjected
to torques 7. The radius of the fillet is R = 0.1 in. T
If the allowable shear stress at the stress concentration is 6000 psi, T
what is the maximum permissible torque 7, 7
Solution 3.11-1 Stepped shaft in torsion
iDz R USE FIG. 3-48 FOR THE STRESS-CONCENTRATION
Dy FACTOR
T T
R 0.1in. D, 24in.
—= —=005 —= —=1.2
T T D, 20in. D, 20in.
16 Tmax
K=152 7,x=K 7Tpom= K(i_,))
D, =20in, ™ Di
3
D,=24in. T - DT ax
. 16K
R =0.11n.
) - 7(2.0 in.)*(6000 psi) - .
Tatiow — 0000 psi = 16(1.52) = 6200 Ib-in.
. Thax = 6200 1b-in. <—
Problem 3.11-2 A stepped shaft with diameters D, = 40 mm and
D, = 60 mm is loaded by torques 7= 1100 N - m (see figure).
If the allowable shear stress at the stress concentration is 120 MPa,
what is the smallest radius R . that may be used for the fillet?
Solution 3.11-2 Stepped shaft in torsion
i D, R USE FIG. 3-48 FOR THE STRESS-CONCENTRATION FACTOR
[P
16T
T T Tmax — KTnom = K( 3)
7TD1
j ! o ™D _ (40 mm)*(120 MPa) _
~ 16T  16(1100N-m)
D, 60mm _ L5
D, = 40 mm D, 40 mm .
D, = 60 mm b
T=1100N"-m From Fig. (3-48) with 52 =1.5and K = 1.37,
Totow = 120 MPa ‘

R
we get — = 0.10
D,

" Ry, = 0.10(40 mm) = 4.0 mm <—




SECTION 3.11 Stess Concentrations in Torsion
Problem 3.11-3 A full quarter-circular fillet is used at the shoulder
of a stepped shaft having diameter D, = 1.0 in. (see figure). A torque
T = 500 Ib-in. acts on the shaft.
Determine the shear stress 7, at the stress concentration for
values as follows: D, = 0.7, 0.8, and 0.9 in. Plot a graph showing
Tohax VEISUS D).
Solution 3.11-3 Stepped shaft in torsion
lDz R . . :
lDl D, (in) | D,/D, | R(in.) | R/D, K |71, (psD)
T T 0.7 | 143 | 0.15 | 0.214 [1.20| 8900
T 0.8 1.25 0.10 | 0.125 | 1.29| 6400
T 0.9 1.11 0.05 | 0.056 | 1.41| 4900
D, =1.01in.
T = 500 Ib-in.
D, =0.7,08, and 0.9 in. 10,0004 |
Y
Full quarter-circular fillet (D, = D, + 2R) Tmax
(psi)
_D,— D, . D, N
R=—7—=05in. — —
2 2 5000 e
USE FIG. 3-48 FOR THE STRESS-CONCENTRATION FACTOR
16T
Tmax — KTnom = K< 2>
Dy 0 T \
. 0.6 0.8 1 Dy (in.)
16(500 Ib-in.) K
=K———5—=2546 3
wD7 D

Note that 7 gets smaller as D, gets larger, even
though K is increasing.
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Problem 3.11-4 The stepped shaft shown in the figure is required to
transmit 600 kW of power at 400 rpm. The shaft has a full quarter-circular
fillet, and the smaller diameter D, = 100 mm.

If the allowable shear stress at the stress concentration is 100 MPa, at
what diameter D, will this stress be reached? Is this diameter an upper or
a lower limit on the value of D,?

/o

P =600 kW D
n = 400 rpm T

allow

, = 100 mm Use the dashed line for a full quarter-circular fillet.
= 100 MPa

R
7= 0075 R=0075 Dy =0.075 (100 mm)

1
=7.5mm

Full quarter-circular fillet

27nT
POWER P = UL (Eq. 3-42 of section 3.7)
60 D, =D, + 2R = 100 mm + 2(7.5 mm) = 115 mm

P = watts n = rpm T = Newton meters SoDy = 115 mm «<—
60P  60(600 X 10° W) This value of D, is a lower limit <—
T= = =14,320 N-m
2mn 27(400 rpm) (If D, is less than 115 mm, R/D is smaller, K is
larger, and 7 is larger, which means that the
USE FIG. 3-48 FOR THE STRESS-CONCENTRATION FACTOR allowable stress is exceeded.)
16T
Tmax — KTnom = K( ’;)
7TD.1
(7D}
K= dex(ﬂ- 1)
16T
100 MPa 100 mm)?
_( )()( .

16(14,320 N-m)




SECTION 3.11

Problem 3.11-5 A stepped shaft (see figure) has diameter D, = 1.5 in.
and a full quarter-circular fillet. The allowable shear stress is 15,000 psi
and the load T = 4800 Ib-in.

What is the smallest permissible diameter D, ?

Solution 3.11-5 Stepped shaft in torsion

Stess Concentrations in Torsion 257

iDz R
/P
T T
D, = 1.5in. Use trial-and-error. Select trial values of D,

Tatow — 13,000 psi D, (in.) | R (in.) RID, K T oax(PSD)

T = 4800 1b-in. 1.30 0.100 0.077 1.38 15,400

. . -~ 1.35 0.075 0.056 1.41 14,000
Full quarter-circular fillet D, = D, + 2R 1.40 0.050 0.036 146 13.000
R_Dz_D1_075. D,
> 75 in. 7
Tmax (pSI)
USE FIG. 3-48 FOR THE STRESS-CONCENTRATION FACTOR
Tmax = KTpom = K ( 16T> 16,000 -
D3}
Tattow

K[ 16(4800 Ib-in.) e

- D? - 15000} - - - - _ _ N

= 24.450 53 : D;=13lin.

Dy 14,000 f :
13,000 :

1.30

1.40

From the graph, minimum D, = 1.31in. <—




